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Abstract 



We introduce AA-extended (p, q) AdS superspaces in three space-time dimensions, 
with p + q = N and p > q, and analyse their geometry. We show that all (p, q) AdS 
superspaces with X IJKL = are conformally flat. Nonlinear a- models with (p,q) 
AdS supersymmetry exist for p + q < 4 (for N > 4 the target space geometries are 
highly restricted) . Here we concentrate on studying off-shell N = 3 supersymmetric 
a-models in AdS3. For each of the cases (3,0) and (2,1), we give three different 
realisations of the supersymmetric action. We show that (3,0) AdS supersymmetry 
requires the cr-model to be superconformal, and hence the corresponding target 
space is a hyperkahler cone. In the case of (2,1) AdS supersymmetry, the cr-model 
target space must be a non-compact hyperkahler manifold endowed with a Killing 
vector field which generates an SO(2) group of rotations of the two-sphere of complex 
structures. 



1 Email : sergei . kuzenko@uwa.edu . au 
2 Email : ulf. lindst rom@physics .uu.se 

3 Email: gabriele.tartaglino-mazzucchelli@physics.uu.se. The address starting June 2012: School of 
Physics M013, UWA, 35 Stirling Highway, Crawley W.A. 6009, Australia. 



Contents 



1 Introduction [2] 

2 Three-dimensional (p, q) AdS superspaces [5] 

2.1 Superspace geometry of TV-extended conformal supergravity [5] 

2.2 Definition of (p, g) AdS superspaces [8] 

2.3 Analysis of the (p, q) AdS constraints [9] 

2.4 The Killing vector fields of (p, q) AdS superspace [11] 

3 Conformal flatness of (p, g) AdS superspaces [12] 

4 Elaborating on the AdS superspaces with p + g < 4 [15] 

4.1 at = i ca 

4.2 J\f = 2 M 

4.2.1 (2,0) AdS superspace M 

4.2.2 (1,1) AdS superspace E] 

4.3 A" = 3 Q2| 

4.3.1 (3,0) AdS superspace H7] 

4.3.2 (2,1) AdS superspace H] 

4.4 A^ = 4 QJ 

4.4.1 (4,0) AdS superspace M 

4.4.2 (2,2) AdS superspace M 

4.4.3 (3,1) AdS superspace EH 

5 Rigid Af = 3 supersymmetric field theories in AdS: Off-shell multiplets 
and invariant actions [22] 

5.1 Covariant projective supermultiplets 123] 

5.2 Supersymmetric action [23 

5.3 Supersymmetric action: Integrating out all the fermionic directions .... 123 

1 



6 Supersymmetric action: Reduction to M = 2 superspace 1301 

6.1 AdS superspace reduction: (3,0) to (2,0) [30] 

6.2 AdS superspace reduction: (2,1) to (2,0) [35] 

6.3 AdS superspace reduction: (2,1) to (1,1) [37] 

7 M = 3 supersymmetric sigma models in AdS 1401 

7.1 Sigma models with (3,0) AdS supersymmetry HO] 

7.2 Sigma models with (2,1) AdS supersymmetry H2 

8 Conclusion [44] 
A Derivation of ([5^37)) [461 



1 Introduction 

In three space-time dimensions (3D), the anti-de Sitter (AdS) group is reducible, 

SO(2,2) (SL(2,R) x SL(2,R)Vz 2 , 

and so are its supersymmetric extensions, OSp(p|2; R) x OSp(g|2; R). This implies that J\f- 
extended AdS supergravity exists in several incarnations [1] . These are known as the (p, q) 
AdS supergravity theories^ where the non-negative integers p > q are such that J\f = p+q. 
For arbitrary values of p and q allowed, the pure (p, q) AdS supergravity was constructed 
in P as a Chern-Simons theory with the gauge group OSp(p|2; R) x OSp(g|2; R). Similar 
ideas can readily be used, e.g., to construct 3D higher-spin (p,q) AdS supergravity [3]. 
However, this Chern-Simons construction appears to become less powerful when it comes 
to coupling AdS supergravity to supersymmetric matter, especially in the important cases 
M = 3 and Af = 4. In order to describe general supergravity-matter systems in these 
cases, superspace approaches appear to be the most useful ones. 

As is well known, a universal approach to engineering supergravity theories in diverse 
dimensions is to realise them as conformal supergravity coupled to certain compensating 

^^One should not confuse (p,q) AdS supersymmetry in three dimensions with (p, q) Poincare super- 
symmetry in two dimensions [2]. 
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supermultiplet(s) [I]. Making use of the conformal supergravity constraints on the su- 
perspace torsion proposed in [5], in our recent work [6] the superspace geometry of 3D 
A/"-extended conformal supergravity was developecj^] and then applied (building on the 
structure of off-shell super conformal cr-models in three dimensions [12]) to construct gen- 
eral off-shell supergravity-matter couplings for the cases N < 4. In order to illustrate how 
the formalism of |6] can be used to describe matter-coupled AdS supergravity theories, 
the cases p + q = 2 were studied in detail in [15] . In particular, Ref. [13] provided two 
dual off-shell formulations for (1,1) AdS supergravity and one off-shell formulation for 
(2,0) AdS supergravity. The most general a-model couplings to (1,1) and (2,0) AdS su- 
pergravity theories were constructed in [13] from first principles. These results generalise 
those obtained earlier JHJ [15] within the Chern-Simons approach [1]|^] 

The present paper is devoted to new applications of the formalism developed in [6]. 
First of all, here we introduce (p, q) AdS superspaces and study their geometric properties. 
Secondly, we develop an off-shell formalism for constructing rigid supersymmetric theories 
in AdS with p + q = 3, and specifically concentrate on describing general supersymmetric 
nonlinear cr-models. 

Within the framework of [6], (p, q) AdS superspace 

_ OSp(p|2;R)xQSp(g|2;R) 
(3|M) ~ SL(2,K) x SO(p) x SO(g) 1 ' 

originates as a maximally symmetric supergeometry with covariantly constant torsion and 
curvature generated by a symmetric torsion S IJ = S JI , with the structure- group indices 
/, J taking values from 1 to N '. It turns out that S IJ is nonsingular, and the parameters 
p and q = M — p determine its signature. The ordinary AdS space 

SL(2,R)xSL(2,R) 
AdSs " SL(2^ (L2) 

is the bosonic body of AdS(3| P)9 ). The curvature of AdS3 is proportional to S 2 = S IJ Su/Af 
(with the structure-group indices being raised and lowered using 5 IJ and 5u). The Killing 



2 The special cases of J\f = 8 and TV = 16 conformal supergravity theories were independently worked 
out in [2 [8] and [9] respectively. Recently, new results on J\f = 8 conformal supergravity and its applica- 
tions have appeared [101111]. 

3 Ref. P3] constructed only those er-model couplings to (2,0) AdS supergravity in which the scalar 
fields are neutral under the gauged U(l) i?-symmetry group. Ref. [TS] studied locally supersymmetric cr- 
models on homogeneous spaces of the form G/H x U(l) in which the scalar fields are charged under the 
gauged U(l) i?-symmetry group. Such cr-model couplings to (2,0) AdS supergravity are special cases of 
those constructed in [IB] . 
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vector fields of AdS(3| P)9 ) can be shown to generate the isometry group OSp(p|2;M) x 
OSp(g|2; E). Among the superspaces AdS(3| Pi9 ) with p + q = Af fixed, the largest isometry 
group corresponds to AdS (3^,0) = AdS 3 ' 2A/ ". 

In fact, starting from the superspace geometry of A/"-extended conformal supergravity 
[6] and restricting the torsion to be covariantly constant and Lorentz invariant, a general 
AdS superspace solution for Af > 4 includes not only the torsion S IJ described above but 
also a completely antisymmetric torsion X IJKL = X <lIJKL \ It turns out that the latter 
may be non-zero only if S IJ = S5 IJ , which means p = Af and q = 0. Such solutions define 
new AdS superspaces, AdS|'^, for which the isometry group is, in general, a subgroup 
of OSp(A/l2;M) x SL(2,R). 

Why bother to study supersymmetric nonlinear a-models in AdS( 3 | p>g )? Part of our 
motivation comes from four dimensions. Recently, it has been realised that rigid super- 
symmetric field theories in AdS4 have drastically different properties compared to their 
counterparts in Minkowski space [TB], [13, [TSJ H2J 1201 [2D 122]- Analogous results apply 
in five dimensions [231 124"] . It is therefore natural to study the specific features of rigid 
supersymmetric field theories in AdSsj^J And then we can immediately see that the 3D 
story is much richer than the 4D one, for in 3D there exist several versions of Af-extended 
AdS superspace. These superspaces have different isometry groups, and therefore they 
should allow different matter couplings. 

This paper is organised as follows. In section 2 we introduce the (p, q) AdS super- 
spaces and study their geometrical properties. In section 3 we prove that all (p, q) AdS 
superspaces with X IJKL = are conformally flat. The specific features of the (p, q) AdS 
superspaces with p + q < 4 are studied in section 4. In section 5 we develop a general 
setup to construct (3,0) and (2,1) supersymmetric theories in AdS. Specifically, we de- 
fine a family of covariant projective supermultiplets to describe supersymmetric matter, 
and then present a manifestly supersymmetric action. We also give an expression for the 
action obtained by integrating out the superspace Grassmann variables. In section 6 we 
demonstrate how to reformulate any (3,0) and (2,1) supersymmetric field theory in AdS 
as a dynamical system in a certain Af = 2 AdS superspace. In section 7 we construct 
general off-shell supersymmetric a- models in AdS. Section 8 contains a brief discussion of 
the results obtained. Some details on the derivation of the component action (5.37) are 
collected in the appendix. 



4 Locally supersymmetric nonlinear cr-models in three dimensions were constructed in the on-shell 
component approach in |25[ 126] . 
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2 Three-dimensional (p, g) AdS superspaces 



In this section, we develop the differential geometry of three-dimensional A^-extended 
(p, q) AdS superspaces. 

2.1 Superspace geometry of A^-extended conformal supergravity 

All (p, q) AdS superspaces can be realised as special background configurations within 
the 3D AA-extended conformal supergravity that was originally sketched in [5j and then 
fully developed in [BJ . In this subsection we recall those results of [B] which are necessary 
for our subsequent analysis. 

In three dimensions, A/"-extended conformal supergravity can be described using a 
curved superspace which is parametrized by real bosonic (x m ) and real fermionic 
coordinates, 

z M = (x m ,9?), m = 0,l,2, /i = l,2, 1 = 1,..., AT, (2.1) 

and is characterised by the structure group SL(2, R) x SO(AT). The superspace differential 
geometry is encoded in covariant derivatives of the form 

V A = (p a , Vi) = E A + Q A + <S> A , (2.2) 

where the tangent space indices take the values a = 1, 2, a = 0, 1, 2, I = 1, • • • , J\f. In 



eq. (|2.2[), = E a m 8m is the supervielbein, with 9m = d/dz M - 



n A = hl A bc M bc = -n A b M b = ]p A ^M M , A4 a6 = -M ba , A4 Q/3 = Mp a (2.3) 
is the Lorentz connection; and 

$ A = ^^ L A/}, L , Mkl = -Mlk (2.4) 

is the SO(AT)-connection. The Lorentz generators with two vector indices (Ai ab ), with 
one vector index {Ai a ) and with two spinor indices {Map) are related to each other by 
the rules: M. a = \e abc M. bc and M. a p = (7 a )«/?A4 a . The generators of the group SO (AT) 
are denoted by A/}j. For more details on our notation and conventions see Appendix A 
of [6j. The generators of SL(2,IR)xSO(A/') act on the covariant derivatives as follows!^ 



[M ab ,Vi] = ^ afec ( 7 c )/^ , [M a ,Vi] = -i(7.)«"2?{ , (2.5a) 
[Ma^V^] = £ 7(a P^ } , [M ab ,V c ] = 2 Vc[a V b] , [A4 a ,£> 6 ] = e abc V c , (2.5b) 
[A/"jc£, = 2<5f^ aL] , [A/"jci, T> a ] = . (2.5c) 



3 The operation of (anti) symmetrization of n indices is defined to involve a factor of (n! 
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To describe conformal supergravity, the covariant derivatives have to obey certain 
constrains [5]. With the constraints imposed, the Bianchi identities lead to the following 
(anti) commutation relations^] derived in [6] : 

{V^Vj} = 2\5 IJ V a p - 2ie a ^ sl ' J M 1& - A\S IJ M a p 

+ {iEcfiX" KL - 4ie a pS K W L + iCafH" - AiCafW)^ , (2.6a) 
[D a p, V^} = — \ £ 1 { a Cp)s KL + ^8{aCp) 1 KL + 2e 7 ( a e i3) S S KL ^V 5 L 

+ \R a £ de M de + l -R a £ PQ M PQ . (2.6b) 

This algebra is given in terms of three dimension-1 tensor superfields, X IJKL , S IJ and 
C a IJ , which are real and have the symmetry properties 

X IJKL = X [IJKL) ) S IJ = S (IJ) ^ C U = ^[IJ] (2?) 



The dimension-3/2 components of the curvature in (2.6b), R a ^ de and R a ^ p< ^, are known 
algebraic functions |6j of first spinor covariant derivatives of the dimension-1 tensor su- 
perfields (2.7). It is useful to represent S IJ as a sum of its irreducible components^] 

S IJ = S IJ + 5 IJ S , 8 KL S KL = , S := ^klS kl . (2.8) 

The Bianchi identities imply the following set of differential equations j6] 

v i aS JK = 2Ta i(jK) + Sa (J 5 K)i _ ^ S J5 JK , (2.9a) 

+C aM IJK - 2C a p/6 K ^ , (2.9b) 

V I aX JKLP = XJJKLP _ ACa \JKL 5 P]I ^ {2 g c) 

where the dimension-3/2 superfields satisfy: T a IJK = Tj IJ ^ K , 5 JK T a IJK = Tj IJK ^ = 0, 
r uk _ r< , [UK] r 1 i — n, J n uk _ r [uk\ y- ijkpq _ y \ijkpq] 

The supergravity gauge group is generated by local transformations of the form 

8 K V A = [K, V A ], K — K C V C + X -K cd M cd + \k p( *M pq , (2. 10) 



6 For the purposes of this paper, we only need the explicit expressions for the dimension-1 components 
of the torsion and the curvature. 

7 In this paper, we make use of S IJ and S IJ , as well as S and S :— \J 8ik5jlS ij S kl /N '. We hope 
our imperfect notation will not lead to any confusion. 
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with all the gauge parameters obeying natural reality conditions but otherwise arbitrary. 
Given a tensor superfield T, it transforms as follows: 

8 K T = KT . (2.11) 

The conformal supergravity constraints proposed in |5] are invariant under super- 
Weyl transformations. This invariance plays a key role in the discussion of the multiplet 
structure of AA-extended conformal supergravity in [5] . The super- Weyl transformations 
were not given explicitly in |5j. For M = 8 conformal supergravity, the finite form of 
super- Weyl transformations first appeared in [7j. In the case of A/"-extended conformal 
supergravity, the infinitesimal form of these transformations was described in [6] . Here we 
present for the first time the finite form of the TV-extended super- Weyl transformations 
[6] . This result is essential for the analysis in section |3} 

The super- Weyl transformation of the covariant derivatives is 

& J a = e^(vi + (TP^Map + (V aJ a)N IJ ) , (2.12a) 
V' a = e°(v a + \p a Y\Vf a a)V m + e abc (V h a)M c + ±ba)*([V [ £,T%)*)tf KL 

~ \{la) a \V K a){V«a)M aP + ^{laV? {V [ «*){vf )( j)N KL ) , (2.12b) 
while the dimension- 1 torsion and curvature tensors transform as 

S' IJ = e°(s IJ - \{[V* ,V?]<r) + \{V^a){Vfa) - \?> IJ {V» K a){Vf a)) , (2.13a) 

C'a U = e°(c a IJ - ^(larMV^V^a) - ^7a)^j>)(^)) , (2.13b) 



For later use, we rewrite the super- Weyl transformations of S IJ and C a IJ in the following 
equivalent form: 

s ,u = ^ s u _ Lyytivpjr) + '-e-'^Si - ^5 IJ 5 KL )(V^ K e^)(V^)) , (2.14a) 
C' a IJ = (C a lj - \{la) aP V [ lv J ^ . (2.14b) 

This concludes our summary of the superspace geometry of A/"-extended conformal 
supergravity [6]. 
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2.2 Definition of (p, q) AdS superspaces 

We are now prepared to introduce AdS superspaces. By definition, they correspond 
to those conformal supergravity backgrounds which satisfy the following requirements: 

(i) the torsion and curvature tensors are Lorentz invariant; 

(ii) the torsion and curvature tensors are covariantly constant. 
Condition (i) implies 

C a IJ = 0. (2.15) 
Requirement (ii) has a series of implications. First of all, the conditions 

ViS JK = V a S JK = , viX JKLM = V a X JKLM = (2.16) 



imply that all the dimension-3/2 curvatures in the second line of (2.6b) are identically 



zero. Moreover, the integrability conditions for the constraints (2.16), 

{Vi,V}}S KL = , {VlV J p }X KLMN = , (2.17) 

are equivalent to the following algebraic constraints on S IJ and X IJKL : 

= X IJNi * K S N ^ - S IM S M ( K 6 L » + S JM S M ( K 6 L » , (2.18a) 
= x IJN l K X N LP ® + 2S M ^ I 5 J ^ N 5f I X N LP ^ - 2S M t I 6 J ^ N 6 [ «X M LP ® . (2.18b) 

We now have to analyse all the implications of the Bianchi identities 

[V A ,[D B ,V c }} = (2.19) 

[ABC) 



in the case that the covariant derivatives obeying the (anti) commutation relations (2.6a) 



(2.6b) are further subject to the constraints (i) and (ii). Solving the Bianchi identities is 



straightforward albeit somewhat tedious and we omit the details. By analysing (2.19) we 
obtain a new crucial constraint on the torsion tensor S IJ : 

S 2 = S 2 1 , S := (S IJ ) = S T , S 2 := tr(S 2 ) > . (2.20) 

This shows that S is a nonsingular symmetric J\f X J\f matrix if S 2 > 0; in this case S/S 
is an orthogonal matrix. Moreover, by solving the Bianchi identities one readily derives 
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a commutator of two vector covariant derivatives. The complete algebra of covariant 
derivatives turns out to be 

{V 1 , V J p } = 2iS IJ V a(S - AiS IJ M a(S + ie a p (x IJKL - AS K ^5 J ^U KL , (2.21a) 
[V a ,vJ]=S J K ( la )^V« , (2.21b) 
[P a , P 6 ] = 4 S 2 e abc M c = -4 S 2 M ab . (2.21c) 



to (2.20), the constraints (2.18a)-(2.18b) become 



We recall that the structure-group indices are raised and lowered using 5 IJ and 6jj. Due 

(2.22a) 
(2.22b) 



= S& N X L V JN , 

= x N IJ ^ K X LPQ ^ N + g I l K x LP ® J — g J i K x LPQ ^ 
-S IM X M ^5 K ^ J + S JM X M ^5 K V . 



In accordance with (2.20), there are two conceptually different cases: (a) S > 0; and 



(b) S — and hence S IJ = 0. In the former case, eq. (2.21c) tells us that the commutator 
of two vector covariant derivatives is exactly that of 3D AdS space. The latter case 
corresponds to a flat superspace with the following algebra of covariant derivatives: 



{V^Vj} = 2i5 IJ V a p + ie aP X IJKL M K L 
[D a ,Vi) = , [V a ,V b ]=0. 



(2.23a) 
(2.23b) 



This superspace is of Minkowski type for M = 1,2,3. However, for M > 4 there may 
exist a non-zero constant antisymmetric tensor X IJKL constrained by 



Xn ij[k x lpq]n = q 



(2.24) 



so that the resulting superspace is a deformation of A/"-extended Minkowski superspace. 
In what follows, our analysis will be restricted to the AdS case, S > 0. 



2.3 Analysis of the (p,q) AdS constraints 



We have seen that the (anti) commutation relations (2.21) require the algebraic con- 



straints (2.20) and (2.22) as the consistency conditions. Let us analyse the implications 



of these equations. The most important equation to study is (2.20). 

The torsion S = (S IJ ) is a real symmetric Af x Af matrix. A local SO (A/") transfor- 
mation can be performed to diagonalise S. Then, without loss of generality, the general 
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solution of the constraint (2.20) is 



S IJ = Sdiagf+l, 



p 



g=Af-p 



+ 1,-1, 



-1 



(2.25) 



where S = a/ (S ij Sjj)/Af > is a positive parameter of unit dimension. In the 'diagonal 



frame' (2.25), we are left with an unbroken local group SO(p) x SO(g). In what follows, 



we assume p > q. Such a superspace should originate as a maximally symmetric solution 
of the (p, q) AdS supergravity. The integers p and q determine the signature of S IJ . 

For our subsequent analysis, it is handy to introduce a special notation associated with 



the diagonal frame (2.25). All the isovector indices running from 1 to p will be overlined, 



while those taking values from p + 1 to J\f will be underlined. With this notation, the 
components of S IJ in the diagonal frame are 



S IJ = S5 IJ , S Ll = -S5 LL , S Il = S lJ = 0. 
The diagonal frame is especially useful for solving the constraints obeyed by X IJKL 



2.26) 



Making use of (2.26), it is easy to see that the constraint (2.22a) is equivalent to 

x ijkl = q _ ( 2>27 ) 

This means that the only non-zero components of X IJKL are those which have all the 
indices of the same type, i.e. X IJKL and X IJKL . 



Using (2.26) and (2.27), the second constraint on X 



IJKL 



eq. (2.22b), dramatically 



simplifies. The strongest condition arises when one chooses the index I overlined and 



the index J underlined. In this case, due to (2.26) and (2.27), the expression (2.22b) is 



non-trivial only if, among the indices K, L, P and Q, one is overlined and the other three 
are underlined or vice versa. We then get the following equations 








SX JLPQ 6 ki 



sx ilpq s kj_ 



(2.28a) 
(2.28b) 



It is clear that these equations can have nontrivial solutions only in the (J\f, 0) case. We 
have thus proved that the curvature X IJKL can only consistently appear in the AdS 
algebra if 5' /J = S 5 IJ . In this case, the equation (2.22b) simplifies to 



x IJ[K X LP Q] N = q _ 



(2.29) 



This is the same algebraic equation which emerges in the case of deformed Minkowski 



superspace, eq. (2.24). 
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The first case where X IJKL can appear in the algebra is M = A. Here 

■gUKL _ Xe IJKL 



(2.30) 



where X is a real constant parameter, and e IJKL the completely antisymmetric Levi- 
Civita tensor (normalised by e 1234 = 1) which is invariant under SO(4). The constraint 



(2.29) is automatically satisfied due to the identity 

LMNP 



£ijkp£ 



R XL cM rTV 
Qd [I d J °K] ■ 



(2.31) 



Here we do not give a general solution of eq. (2.29) for M > 4. We just mention 
that a particular solution of eq. (2.29) for any A^ > 4 is obtained by choosing X IJKL = 



X £ mkl 5 6 •• A/^ w itH e 11 --^ the appropriate Levi-Civita tensor. This solution is invariant 
under a subgroup SO (4) x SO (Af — 4) of the gauged i?-symmetry group SO (AT). 

We conclude by rewriting the algebra of covariant derivatives ( 2.21a[ )-( |2.21c ) in the 



diagonal frame (2.25) for general (p, q) with q > (in the case (A/ - , 0) the algebra of 



covariant derivatives is given by eqs. (2.21a)-(2.21c) with S IJ = S 5 IJ ) 



{Vi, Vj} = 2\5 n V aP -AiS S^Map -AiS e^Af 71 , 
{V 1 -, Vfi = + AiS S^Mafi + AiS e a pU^ , 

{V 7 a ,Vf} = {vi,vj} = , 

S ( 7 a)/3 7 ^ , [V a , Vj] = S ( 7 a)/3 7 ^ , 

-AS 2 Mr, 



[D a , V b \ =AS 2 e abc M c = - * o jvi ab 
Note that the i?-symmetry group of this superspace is SO(p) x SO(g). 



(2.32a) 
(2.32b) 
(2.32c) 
(2.32d) 
(2.32e) 



2.4 The Killing vector fields of (p, q) AdS superspace 



To describe rigid supersymmetric field theories in (p, q) AdS superspaces, we need to 
develop a superfield description of the corresponding isometry transformations. Here we 
use the diagonal frame where the results become more transparent, and consider only 
the cases X IJKL = 0. The isometry transformations are generated by (p, q) AdS Killing 
vector fields, 



a i 



which by definition obey the equation 



£ + -A ij ATtj + jrA^Afo + -A ab M ab , V c 



(2.33) 



(2.34) 



11 



for some parameters A IJ , A— and A ab . This equation is equivalent to the relations 



= ~e a pA IJ + S6 IJ ^ + \5 IJ A aP 



*0 

= V l7 ^ + 6i£f , = V lL ^ + 6i£f , 
= VIA ' 1 + 12i 5 ^ 7 , = £>^A Q7 - 12i 5 ^ 



1 cJ- 








- ^(c^t) - ^(o&t) 

which imply the standard Killing vector equation 

T>a£b + V b i a = 



(2.35a) 
(2.35b) 
(2.35c) 
(2.35d) 
(2.35e) 



(2.36) 



In accordance with (2.35), the parameters £f, A IJ , A— and A ab are uniquely deter- 
mined in terms of £ a . It can be shown that the (p, q) AdS Killing vector fields generate 
the AdS supergroup OSp(p|2;M) x OSp(g|2;M). 



3 Conformal flatness of (p, q) AdS superspaces 

It was demonstrated in [13J that AdS( 3 | 2i0 ) and AdS (311,1) are conformally flat super- 
spaces. Here we generalise this result to the case of arbitrary (p, q) AdS superspaces 
with X IJKL = 0. All superspaces AdS( 3 | Pig ) are demonstrated to be conformally flat. 
Since the super- Weyl transformation of X IJKL is homogeneous, any AdS superspace with 
X IJKL 7^ is not conformally flat. 

The super- Weyl transformations in A/"-extended conformal supergravity are given by 



eqs. (2.12a)-(2.12b). Our goal is to show that there exists a local parametrisation of the 
superspace AdS(3| Pi q) such that the covariant derivatives T>a take the form 

Vi = ^(Dl + {D^a)M a p + (D aJ a)N LJ ) , (3.1a) 
V a = e°(d a + l -( la Y^Df a o)D m + e abc (d b a)M c + ^( la )^([D^, D%]a)N KL 

- klaY"{D» K a){D«o)M a e + ^{laY\D [ «o){Df f )M KL ) , (3.1b) 



for some real scalar a. Here Da = (d a , D^) are the covariant derivatives of A/"-extended 
3D Minkowski superspace, 
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obeying the (anti) commutation relations 

{D J a , Dp} = 2i6 IJ ( 7 a Ud a , [d a , D$] = [d a , d b ) = 0. (3.2b) 

Under the super- Weyl transformations, the dimension-1 torsion and curvature superfields 
transform according to the equations (2.13a)-(2.13c). The superspace AdS(3| p>g ) is char- 
acterised by the conditions C a KL = X IJKL 
satisfy the equations 



0. Hence the parameter e CT in (3.1) must 



S IJ = —(D^Dfe") + 1 -e- a {D p ( I e°){Dpe' 7 ) - ^S IJ e- a (D p K e a ){Dfe a ) , (3.3a) 



n _ jjl 1 n J ]p<^ 



(3.3b) 



Moreover, in accordance with the analysis of the previous section, the superfield S IJ has 
to be covariantly constant, 



V A S JK 







and obey the algebraic constraint (2.20) which we rewrite as 

1 



Af 



(3.4) 



(3.5) 



The equations (3.4) and (3.5) have to be obeyed by e CT in addition to the condition (3.3b). 

To find a solution of the above equations, we make a Lorentz invariant ansatz for the 
super- Weyl parameter 



1 + as 2 x 2 



e s + bs 2 e 2 + cBi + d s ee s 



where 



x 



1J1 



e : = i5 KL e 



KL 



KL 



SJJ = Sji 



s :- 



s KL s KL 



(3.6) 

(3.7a) 
(3.7b) 



The constant parameters a,b,c and d in (3.6) are real and dimensionless. As to the 
constant tensor su, it is also real and has unit mass dimension. 



The ansatz (3.6) has been shown to be the correct one in the case of the (2,0) and 
(1,1) AdS superspace p3]. It is also reminiscent of the conformally flat parametrisation 
of the 4D A/"-extended AdS superspace derived in [27] using group-theoretic techniques 
(direct proofs based on the use of super- Weyl transformations in 4D M = 1 and M = 2 
supergravity theories can be found, e.g., in [2H] and [2H] respectively). 
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Let us turn to solving the conditions for conformal flatness using the ansatz introduced. 



As a first step, we observe from eq. (3.3a) that 



(3.J 



By considering the ^-independent part of (|3.5|), we see that s IJ has to be constrained by 



s IK s KJ = 5^ . 



(3.9) 



Next, we impose the equation (3.3b). After some algebra, one sees that (3.3b) is satisfied 
provided 



b = , c = d = . 

4 



(3.10) 



To fix the value of a, it suffices to use again the equation (3.5) which so far has been 
solved at the 9 = order only. This equation tells us that 



•1 . 



(3.11) 



We end up with the following expression for the super- Weyl parameter: 

e * = 1 _ S V _ Qg+ 1 2 Q 2 = 1 _ S 2 X 2 _ ^KL^ _ 1 2^X1^ 

4 8 



(3.12) 



The geometry is characterized by the torsion S IJ that, by using (3.3a), can be computed 
to be 



S 



u — J J 



s 1J +2i 



s 2 9 u _ s k(i s j)l 9kl + 2s * s KV0?0 SKX 'r* - s 2 9 IJ e s + s 2 s K ^9^ K Q 



i - s 2 x 2 - e s + \s 2 e 2 



. (3.13) 



It is an instructive exercise to prove the important relations 



<S := Jj^^klS 



KL L x KL 
OWLS 



S 2 = s 2 



V A S = 



V A S 2 = . 



(3.14a) 
(3.14b) 



To complete the analysis, we need to prove that the condition (3.4) holds, with the 



covariant derivatives defined by eqs. (3.1 ). This is equivalent to proving that T> I a S JK = 0. 
We can simplify such a check by making a series of simple considerations. First of 
all, due to the very nature of the super- Weyl transformations, the covariant deriva- 



tives (3.1 ) define some conformal supergravity background with the additional conditi 



ions: 
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the corresponding torsion and curvature tensors satisfy the equations ( 2.9a )-( 2.9c) with 
x ijkl = qKL = Q Thig means t h a t the torsion S IJ = S IJ + 5 IJ S in eq. fl3.13| ) satisfies 

^Sj5 JK , (3.15a) 
= 4Af(ViS) + (Af - A)Sj . (3.15b) 



ViS JK = Sj J 6 K » 
= 4Af(ViS) + ( 

It follows that for Af ^ 4, a sufficient condition to have V I a S JK = is V^S = 0. This is 
indeed the case in accordance with (3.14a). 



In the Af = 4 case, the condition T>^S = follows from (3.14a) and (3.15b). However 
we need to independently check whether the requirement = holds indeed. Using 
V^S = and the representation S 2 = (S kl Skl) /Af + S 2 gives 

AfViS 2 = 2(S / J <S a J - SSJ) . (3.16) 

Here the left-hand side is zero due to ( |3.14b[ ), and hence 

SSJ = S'jSj . (3.17) 

Since S 1 j is invertible, this equation gives Sa 1 = in the case that 5 = 0. On the other 
hand, choosing S ^ in (3.17) gives 



9 1 



1 + 



S KL S 



KL 



AfS 



9 1 

On ■ 



(3.18) 



Ultimately this equation tells us that Sj = 0. Therefore, we have demonstrated that S IJ 
is covariantly constant. 

We conclude with a comment about the space-time geometry associated with the 
superspace AdS( 3 | Pi? ). Given the expression for e a , eq. (3.12), and the explicit form of the 
vector covariant derivative V a , eq. (3.1b), we can read off the space-time metric 

d S 2 = d^dx a (e- 2 % =0 = h dXa ^ 2 . (3.19) 

(1 — s 2 x 2 ) 

This coincides with a standard expression for the metric of AdS3 computed using the 
stereographic projection for an AdS hyperboloidj^] 



4 Elaborating on the AdS superspaces with p + q < 4 

In this section we would like to reformulate the algebra of covariant derivatives, which 
corresponds to a given (p, q) AdS superspace with p + q < 4, in a form that is more 
suitable for describing matter couplings within the supergravity formulation of [6] . 

8 See, e.g, Appendix D of for details about the stereographic projection for AdS,j. 
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4.1 M=l 



In the AT = 1 case, only the (1,0) AdS superspace is available. Its geometry is 



determined by the (anti) commutation relations 

{V a ,V p } = 2iV aP -AiSM a p , (4.1a) 

[V a ,V p ]= S( 7 «yZ> 7 , (4-lb) 

[V a , V h \ = 4 e abc S 2 M C = -4 S 2 M ab . (4.1c) 



4.2 A/" = 2 

In the M = 2 case, there are two AdS superspaces: (2,0) and (1,1). They have already 
been studied in [13J. Here we would like to re-derive the main results of [13] using the 
analysis of the previous section. 

4.2.1 (2,0) AdS superspace 

The (2,0) covariant derivatives satisfy the (anti) commutation relations 

{Vl Vj} = 2i5 IJ V aP -AiS 5 IJ M aP + 4e a pS e IJ J , (4.2a) 
[V a , Vj] = S ( 7 a V?^ , [V a , V b ] = -4 S 2 M ab , (4.2b) 

where e 12 = e\2 = 1 arid we have introduced the U(l) generator J following [6] 

Mkl = isklJ , J = -\e PQ M PQ , [J, Vi] = -ie IJ V aJ . (4.3) 

It is useful to switch to a complex basis for the spinor covariant derivatives, T> l a — > 
(D a , D a ), such that D a and D Q possess definite U(l) charges 

B a = ±(Vl-iVl) , fi a = -^(XE + i2£), (4.4a) 
[J, D«] = D Q , [J, D a ] = -D a . (4.4b) 

With the definition D a = T> a , the algebra of covariant derivatives becomes 

{D Q ,D /3 } = 0, {D a ,D^} = -2iT> a p-4iS£ afj J + 4:iSM a p , (4.5a) 
[D a , D^] = S ( 7 a)/3 7 D 7 , [D a , D 6 ] = -4 S 2 M ab , (4.5b) 

together with their complex conjugates. Upon a redefinition of the AdS parameter, S — > 
p/4, these (anti) commutation relations become identical to those which define the (2,0) 
AdS geometry introduced in [T3] . 
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4.2.2 (1,1) AdS superspace 

Now, let us turn to the (1,1) case. The algebra (2.32a)-(2.32e) becomes 



{Vl,V}} = XVap-tiSMap, {Vl,Vj} = m> aP + ^SM a p, {Vl,V*} = 0, (4.6a) 
[D a , V}} = S ( 7 a)/3 7 ^ , [V a , V}] = -S (ia)^V* , [D a , V h \ = -4 S 2 M ab . (4.6b) 

We can introduce a complex basis for the covariant derivatives defined by 



V Q = ~(^-iP*), ?a = ~(P 1 a + iT%, (4.7) 



with ip an arbitrary constant real phase. Then, the (anti) commutation relations (4.6a)- 



(4.6b) turn into 



{V Q , V^} = -AjiM a p , {V Q , V^} = fyMcfi , {V Q , = -2iV a/3 , (4.8a) 
[V a , V^] = i/i( 7a )/V 7 , [V a , V^] = -i/i( 7 a)/3 7 V 7 , [V a , V 6 ] = -4\fx\ 2 M ab , (4.8b) 

where 

(i:= -ie 2ilp S . (4.9) 
This is exactly the algebra of (1,1) AdS covariant derivatives [13J . 

4.3 A/" = 3 

There are two AdS superspaces in the Af = 3 case: (3,0) and (2,1). 

4.3.1 (3,0) AdS superspace 

Let us start with the (3,0) AdS geometry described by 

{Vi,Vj} = 2i5 IJ V a p - 4iS6 IJ M a p - 4iSe a pAf IJ , (4.10a) 
[V a ,Vf[ = S ( 7 a V?^ , [V a ,V b ] = -AS 2 M ab . (4.10b) 

As shown in [6] , in order to define important off-shell supermultiplets and matter couplings 
in M = 3 conformal supergravity, it is useful to introduce a new basis for the spinor 
covariant derivatives, T) l a — > V%, defined by the rule that any SO (3) isovector index is 
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replaced by a pair of symmetric SU(2) isospinor indices. Specifically, the new covariant 
derivative V^ is defined ag^ 



as 



V% := Viinf = V* , {Vtf = ~V aij = -e ik e fl V^ , i = 1, 2 , = e n = 1 . (4.11) 
In isospinor notations the SO (3) generator Mkl becomes 

Mkl -»■ Mijkl ■= J^KLi.r K ) ij {T L ) k i = \ejtJik + \eikJji , (4.12a) 

[j* py] = £ i( - k v2 j + e* k T$ , (4.12b) 

where J kl = J lk is the SU(2) generator. In isospinor notations the (3,0) algebra takes 
the form 

{D%, V kl } = -2ie i(k e l)j V al3 + 2iS e afS (e jl J ik + e ik J jl ^j +4iS e i{ - k e l)j M a p , (4.13a) 

[V a , Vf] = S ( 7o V^ fc , [V a , V b ] = - 4 S 2 M ab . (4.13b) 

4.3.2 (2,1) AdS superspace 

In the diagonal frame, the (2,1) algebra is 

{V 7 a ,Vj} = 2i5 n V a p - ^SS^Map - AiSe^N 73 , (4.14a) 

{V s a ,V*} = 2W aP + ^SM aP , {T>l,V$} = , (4.14b) 

[V a , Vj] = S ( 7 a),3 7 ^ , [V a , V% = ~S {la)^V* , (4.14c) 

[V a ,V b ] = -AS 2 M ab . (4.14d) 
We want to rewrite the previous algebra in isospinor notations. To do that, we first observe 



that the algebra is constructed from the AdS algebra in the general frame (2.21a)-(2.21c) 
with the choice S IJ = S (5 IJ — (w^) 1 (wsY) with the vector (w^) 1 = (0, 0, y2) in the third 
direction. It is clear that with an SO (3) rotation we can move to a general frame where 
S IJ = S (5 IJ — w I w J ) and w 1 such that = 2. Clearly, the structure group is still 

SO (2) since, for example, the algebra admits a central extension with constant central 



charge field strength given b> 10 w IJ = e ijk wk, VaWk = 0. The algebra (4.14a)-(4.14d) 
can be seen to become 

{V* a , V'l} = 2i5 IJ V aP -AiS (5 IJ - w T w J )M a p - i S e aP w IJ w KL Af KL , (4.15a) 
[V a ,Vj] = S(6 J K -w J w K )( la ) p ~<V« , (4.15b) 
[V a ,V b ] = -AS 2 M ab . w'wj = 2, w IJ := e IJK w K . (4.15c) 



9 We refer the reader to section 5 and Appendix A of [3] for details on our Af = 3 isospinor notations 
including the properties and explicit definition of the (t 1 )^ matrices. 

10 See [6] for the description of A^-extended vector multiplets coupled to conformal supergravity. The 
same analysis holds for the AdS geometries. 
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From this form it is easy to move to isospinor notations in a general frame. We obtain 



{D%, V%} = -2ie i{ - k e l)j V aP + 4i S {e i{k e l)j + w i] w kl )M a p 

+i S e aP (e l(k w l)j + e j{k w l)i ) w pq J pq , (4. 16a) 

[V a ,V»] = S^fPV* - SwVw kl { la )[PV kl , (4.16b) 

[V a , V b ) = -4 S 2 M ab , w kl w kl = 2. (4. 16c) 

Note that in the algebra the i?-symmetry group is generated by the U(l) operator w pq J pq . 



4.4 M = 4 

In the Af = 4 case we have three different AdS geometries: (4,0); (3,1); (2,2). 



4.4.1 (4,0) AdS superspace 

We start with the (4,0) case. This is particularly interesting being the first geometry 
where the covariantly constant X IJKL curvature can be used to deform the AdS geometry. 
Since X IJKL = Xe IJKL for Af = 4, the (4,0) algebra is 

{V z a ,Vj} = 2i5 IJ V a p -4iS 5 IJ M aP + ie a p [xe ijkl M K l - 4 S M IJ ) , (4.17a) 
[V a ,Vj] = S ( 7 a)/3 7 ^ , [D a ,V b ] = -AS 2 M ab . (4.17b) 

Note that the scalar X is a free parameter that does not affect the curvature of the body 
of AdS. In particular, we can freely add it also to the M = 4 Minkowski superspace. Its 
role is to deform the SO (4) part of the structure group. To see in details how the X 
field affects the algebra we change notations for the SO (4) isovector indices and move 
to pairs of SU(2)lxSU(2)r isospinor indices making use of the isomorphism SO(4) = 
(SU(2)l x SU(2)r)/Z 2 . We define new covariant derivatives V™ a^] 

:= K(rif , {VlT = -V a{l = - v :;//>' . (4.18) 

The SO(4) generator Mkl in isospinor notation takes the form 

Mkl -> Af k M-= ^ r KL(r K ) k - k (r L ) lI = e- kI L kl + e kl R- kI , (4.19a) 
[L W ,Z>»] =^ k V l l { , \R k \V%] =e 1( -~ k Va > , (4.19b) 

11 We refer the reader to section 6 and Appendix A of [6] for details on our Af = 4 isospinor notations 
including the properties and explicit definition of the (t 1 )^ matrices. 



19 



where Ljy and R^j are respectively the left and right SU(2) generators. Finally, the (4,0) 
algebra becomes 

{Pf , vf } = ■2\ ij ,l n, .; + 2ie a/3 e Tj (2S + X)L ij + 2ie aP e ij (2S - X)R Tj 

-4iSe ij £ Tj M a p , (4.20a) 
[V a , vf] = S {ia)^vf , [V a , V b ) = - 4 S 2 M ab . (4.20b) 

It is interesting to note that for generic value of X the entire SO (4) group has non-trivial 
curvature in the algebra. But there are two points in which either the SU(2)r or the 
SU(2)l curvatures are zero and the structure group is reduced. These are given by 

X = ±2S . (4.21) 



4.4.2 (2,2) AdS superspace 



The next case we consider is the (2,2) geometry. In the diagonal frame this takes 



exactly the form (2.32c )-(2.32e) where the M IJ rotates the directions J = 1,2 and 



the M— rotates the directions I = 3, 4 in the isovector space. The torsion S IJ = 
Sdiag(l, 1,-1,-1) is traceless 5 U S IJ = 0. We can use this information to derive the 
(2,2) geometry in isospinor notations. The traceless condition tells us that 



S IJ — > {t^^jY 3 S ij = iS*- 7 *- 7 = iS- 7 "- 7 = «S ijJ * 
which can be easily seen by remembering that [6] 

5 IJ ->• {T I f(T J y ] 5 IJ = e ij e Tj . 



The constraint (|2.20|) in isospinor notation gives the condition 

r kl r- kI = 2 . 



l H l 



kl 



(4.22) 



(4.23) 



(4.24) 



In a general frame, in isospinor notations, the (2,2) algebra then takes the following form 



{VI , Vf} = 2ie ij e Tj V a p -2iS e af} e ij r ij L -2iS e aP e ij l ij R -AiS l ij r ij ''M a p , (4.25a) 

[P a , Vf] = S V k r~i- k { la )fVf , [V a , V b ] = - 4 S 2 M ab , (4.25b) 

where we have defined the U(1)l and U(1)r generators 

L := l kl L kl , R := r~ kT R M . (4.26) 
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4.4.3 (3,1) AdS superspace 



We are left with the (3,1) case. In the diagonal frame the geometry is 

{V 7 a ,Vj} = m^V^ - AiSd^M^ - AiSe^Af 71 , (4.27a) 

{VtVj} = 2W aP + AiSM aP , {T> T a ,Vj} = {V%Vj} = , (4.27b) 

[V a , Vj} = S (i a )^V 7 , [V a , Vj] = -S ( 7a , (4.27c) 

[V a ,V b ] = -AS 2 M ab , (4.27d) 

where here Af IJ generate SO(3) rotations of the I = 1,2,3 isovector indices leaving 
invariant the (W4) 1 = (0, 0, 0, v^2) vector. Similarly to the (2,1) case, with a SO(4) rotation 
we can rewrite the (3,1) geometry in a general frame as 

{V T a , Vj} = 2\5 IJ V a p -AiS (5 IJ - w'w^Map - A\e aP Stt IJ , (4.28a) 
[V a , Vj] = S{5 J K - w J w K ) (ia)^V« , (4.28b) 
[V a , V b ] = -A S 2 M ab , Af IJ := (5 K V - w K wV)N K J ^ , (4.28c) 

with w 1 satisfying w J wi = 2 but otherwise an arbitrary isovector. The operator J\f IJ 
generates an SO (3) algebra inside SO (4). This can be easily seen by observing that w 1 
is left invariant, J\f KL w I = and then J\f IJ generates rotations orthogonal to w 1 . Note 
that the previous representation of the (3,1) algebra is the same in describing the general 
(Af — 1,1) cases. By using (4.28a)-(4.28c) we can derive a representation of the (3,1) 
algebra in isospinor notations. This takes the form 

{Pf,Pf} = 2ie ij e Tj V a p + 2ie a pS (f(V* +w i h w j l R M ) + 

-4i S (e ij e Tj - w S w fj )M a p , (4.29a) 

[P a , Pf ] = S (8{5l - w^w kk ) (Ta)^Pf , (4.29b) 

[V a , V b ] = -A S 2 M ab , w kk w kk = 2 , w kk w fk = 5 k , w k ~ k w k] = <ff . (4.29c) 

Note that the spinor covariant derivatives algebra can be rewritten as 

{Pf , Vf } = 2ie ij e^V afi + 2ie a p S (f8i8i + e ij w k w)j kl 

-4i S (e ij e rj - w a w fj )M a p , (4.30) 

or equivalent ly as 

{Pf , Pf } = 2ie^P a/3 + 2\e aP S (f^lSl + e^wWi) J W 

-4i S (s ij £ Tj - w il w j] )M a p , (4.31) 
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where we have defined 



jki ._ (jki + w k. w i TR ki^ ; ( 4 32a ) 

J® ■= (R M + w k Wh kl ) . (4.32b) 

The operator J kl = w k j.w l iJ kl , or equivalently J kl = Wk k wiJ kl , generates the residual 
SU(2) algebra of the (3,1) AdS geometry and leaves w n invariant. 

5 Rigid J\f = 3 supersymmetric field theories in AdS: 
Off-shell multiplets and invariant actions 

In this and the next sections, our goal is to apply the supergravity techniques of [6] to 
describe general nonlinear a-models in AdS3 possessing = 3 supersymmetry. We recall 
that the case of Af = 2 AdS supersymmetry has already been studied in [13]. Similar in 
some aspects to Af = 3, the case of Af = 4 AdS supersymmetry nevertheless requires a 
separate analysis that will be given elsewhere. 

In discussing off-shell supermultiplets and supersymmetric actions, we first give a 
unified presentation that applies equally well to the (3,0) and (2,1) AdS supersymmetry 
types. After that, we spell out those technical aspects of Af = 3 supersymmetric theories 
in AdS3 which look essentially different for the cases (3,0) and (2,1). 

For our subsequent consideration, it is useful to rewrite the (anti) commutation rela- 
tions for the (3,0) and (2,1) covariant derivatives in a unified form (which is inspired by 
the algebra of covariant derivatives in Af = 3 conformal supergravity 



{V^,V kl } = -2ie i{k e l)3 V aP - Ai(S ijkl - e i ^ j S)M a p 

-ie aP (e jl S ikpq + e*Sl lpq )J pq + 2ie a/3 S (e jl J ik + e ik jA , (5.1a) 
[D aP , V^} = -2S ijkl s l{a V m - 2Se l{a V% . (5.1b) 



In (5.1a)-(5.5c), the covariantly constant tensors S % ^ kl = S^ kl ^ and S have the following 



explicit expressions for the (3,0) and (2,1) AdS superspaces 

(3.0) AdS : S = S , S ijkl = ; (5.2) 

(2.1) AdS : S = , S ijkl = -Sw^w kl ^ , (5.3) 

where the covariantly constant tensor = is normalised by w^Wij = 2. 
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The M = 3 Killing equations 

[f + l -A ab M ab + l -WJ l3) V c ] = , £ = £°Z>« + eg^' (5-4) 
are equivalent to 

Z>2fe? = + ^ iZ A ifc ) + - e^e^S)^ - ^ k e l »A a(3 , (5.5a) 

= d^«7 + 6i ^ii ; o = T^A * + 12i^{S ijkl - e i{k e l)3 S) (5.5b) 

= 2#fcr) = ^f a A^) • (5.5c) 
These relations imply, in particular, the following equations 

V akl A kl = , Vj { k A^ k = -2i(4Se + $ ijM Ui) , V$A k V = -^\S^ P (5-6) 

which will be important for our subsequent consideration. We recall that the parameter 
A ij is real, A^ = A,- tj . 

In the (3,0) and (2,1) cases, the i?-symmetry groups are SU(2) and U(l) respectively. 
In the case of (2,1) AdS supersymmetry, the parameter A tJ- has the form 

(2,1) AdS : A i] = w ij A , A = A . (5.7) 



5.1 Covariant projective supermultiplets 

In complete analogy with matter couplings in A^ = 3 supergravity [5J, a large class 
of rigid supersymmetric theories in (3,0) and (2,1) AdS superspaces can be formulated in 
terms of covariant projective supermultiplets. Before introducing these supermultiplet, a 
few words are in order regarding the so-called projective superspace approach. 

The projective superspace approach [304 EH [32] is a method to construct off-shell 4D 
J\f = 2 super-Poincare invariant theories in the superspace M 4 ' 8 x CP 1 introduced for the 
first time by Rosly [33jj^] The most important projective supermultiplets are: the 0(1) 
multiplet [33] (equivalent to the on-shell hypermultiplet [31]); the real 0(2) multiplet [3D] 
(equivalent to the Af = 2 tensor multiplet [38J); the 0{n) multiplets [391 EI], where n = 
3,4, ... ; the polar (arctic + antarctic) multiplet [31]; the tropical multiplet [32]. These 
multiplets are off-shell except the 0(1) multiplet. The projective superspace approach 

12 The same superspace is used within the harmonic superspace approach 34, 35 which is more general 
than the projective one but less useful for various tr-model applications. The precise relationship between 
the harmonic and projective superspace formulations is spelled out in |36j . 
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was extended to conformal supersymmetry jlQj HI] and supergravity (121 03] , more than 
twenty years after the original publication on self-interacting M = 2 tensor multiplets 
[30] . The original 5D M = 1 supergravity construction of [121 03] has successfully been 
extended to 4D Af = 2 supergravity [IU 05] , 3D Af = 3 and Af = 4 supergravity theories 
[13] . 2D Af = (4,4) supergravity [16], and most recently 6D Af = (1, 0) supergravity |4T] . 

A covariant projective supermultiplet of weight n, Q^ n '(z M , v l ), is defined to be a 
Lorentz-scalar superfield that lives on the appropriate Af = 3 AdS superspace 
(which is AdS(3| 3> o) or AdS( 3 | 2) i)), is holomorphic with respect to isospinor variables v l on 
an open domain of C 2 \ {0}, and is characterised by the following conditions: 

(i) is a homogeneous function of v of degree n, that is, 

QW(z,cv) = c n Q^{z,v) , cGC*=C\{0}; (5.8) 



(ii) Under the appropriate AdS isometry supergroup, which is OSp(3|2;M) x Sp(2, ' 
or OSp(2|2;M) x OSp(l|2;R), transforms as follows: 



WJiiQ™ = -(A (2) d ( ~ 2) -nA<°>W n) , := — 1 







-u 



(v,u) dv % 



(5.9) 



where £ denotes an arbitrary AdS Killing vector field, eq. (2.33), and A 1 - 7 the associated 
SU(2) parameter defined by (2.34)]^] In eq. (5.9), we have introduced 

A( 2 ) := A ij v iVj , A (0) := A" , (v, u) := v'm 



[V,U 



(5.10) 



The transformation law (5.9) involves an additional isotwistor m, which is only subject 
to the condition (v,u) ^ 0, and otherwise is completely arbitrary. Both and 5^Q^ n ' 
are independent of itj. 

(iii) obeys the analyticity constraint 



V^Q^ = , := Vivp* 



(5.11) 



The analyticity constraint (5.11) and the homogeneity condition (5.8) are consistent 
with the interpretation that the isospinor v 1 G C 2 \ {0} is defined modulo the equivalence 



13 In the case of (2,1) AdS supersymmetry, the parameter A 4J is constrained to be A 4J = Aw' 3 , which 
corresponds to an SO(2) subgroup of SU(2). 
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relation v % ~ cv l , with c G C*, hence it parametrizes CP 1 . Therefore, the projective 
multiplets live in A^ 3 ' 6 x CP 1 . 



Two comments are in order. Firstly, it follows from eq. (5.9) that 



J (2) Q (n) = , J 



(2) .. 



ViVjJ 



13 



(5.12) 



Secondly, the constraints (5.11 ) are fully consistent due to the facts that is a Lorentz 

(2) 

scalar, and the operators T> a obey the anti-commutation relations 

{v£\vf} = -4iS^M aP , (5.13) 

with 



ViVjV k Vi 



gijkl 



(5.14) 



A more general family of off-shell supermultiplets is obtained by removing the con- 
dition (hi) in the above definition, while keeping intact the conditions (i) and (ii). Such 
supermultiplets are called isotwistor. These superfields can be used to construct projective 
ones with the aid of the so-called analytic projection operator 

A (4) ;= J ^(4) _ 4^(4) j ^ p(4) . = V (2)a v (2) ^ 

If U^ n ~^(z, v ) is an isotwistor superfield, then Q( n \z,v) : = 

A (4 )f/ (n-4) 

(z, v) is a covariant 

projective superfield, 

pJ)A%M) = o. (5.16) 



There exists a real structure on the space of projective multiplets known as the 
smile conjugation]^ Given a weight-n projective multiplet Q^ n \v l ), its smile conjugate, 
Q( n \v l ), is defined by 

Q(n)( v i) gW(^) Q(n)( S . _„.) =: , ( 5 .17) 

with (^«) := the complex conjugate of Q^ n \v l ), and the complex conjugate 

of v % . One can show that Q^ n \v) is a weight-n projective multiplet. In particular, Q^ n \v) 
obeys the analyticity constraint T>a^Q^ = 0, unlike the complex conjugate of Q^ n \v). 
One can also check that 

fy n \v) = {-l) n QV>(v) . (5.18) 

14 The smile conjugation was pioneered by Rosly [55J and re-discovered in [531 150] . 
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Therefore, if n is even, one can define real projective multiplets, Q^ 2n ^ = Q^ 2n \ Note that 
geometrically, the smile-conjugation is complex conjugation composed with the antipodal 
map on the projective space CP 1 . 

We now list several projective multiplets that can be used to describe superfield dy- 
namical variables. A complex 0(m) multiplet, with m = 1,2, ... , is described by a 
weight-m projective superfield H^ m '(v) of the form: 

#M(u) //'-'• r, : ...,•„.. . (5.19) 



The analyticity constraint (5.11) is equivalent to 

V® H kl - km) = . (5.20) 



If m is even, m = 2n, we can define a real 0{2n) multipletpj obeying the reality condition 
jj(2n) _ ff@n)^ or equivalently 



jjh—ten _ Hi 1 i 2n — Ei 1 j 1 ■ ■ ■ £i 2 „j2n^' 11 32n ■ (5-21) 

The field strength of an Abelian vector multiplet is a real 0(2) multiplet pjj. For n > 1, 
the real 0(2n) multiplet can be used to describe an off-shell (neutral) hypermultiplet. 

An off-shell (charged) hypermultiplet can be described in term of the so-called arctic 
weight-n multiplet T^(v) which is defined to be holomorphic in the north chart C, of 
the projective space CP 1 = C U {oo}: 



k=0 



T {n) (v) = (v l ) n T [n] (Q , T [n] (C) = J2 T kC k , (5-22) 
and its smile-conjugate antarctic multiplet T^ n ^(t>), 

oo i 

y¥\(c\ = T, - 



00 _ (—]) k 

f = (v 2 -) n f W(c) = (vH) n r [n] (C) , * W (C) = E Tfci 7^ • (5 - 23) 



k=0 



Here we have introduced the inhomogeneous complex coordinate ( = v-/v- on the north 
chart of CP 1 . The pair consisting of T^(Q and T' n ^(C) constitutes the so-called polar 
weight-n multiplet. 



15 In 4D TV = 2 Poincare supersymmetry, the real 0(2n) multiplets, with n > 1, and their self- 
interactions were introduced for the first time by Ketov and Tyutin [39j and re-discovered in [32] . 
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5.2 Supersymmetric action 



In order to formulate the dynamics of rigid M = 3 supersymmetric field theories 
in AdS3, a manifestly supersymmetric action principle is required. It can be readily 
constructed by restricting the locally supersymmetric action introduced in [B] to the ap- 
propriate AdS superspace. The action is generated by a Lagrangian C^ 2 '(z,v), which is a 
covariant weight-2 real projective multiplet, and has the form: 

S[C&] = — i(v,dv) [ d 3 xd 6 9EC^C^ , E- 1 = Ber(E A M ) . (5.24) 

27T1 / 7 J 

Here the line integral is carried out over a closed contour 7 = {?/(£)} in CP 1 . The action 
involves an isotwistor superfield C^~ A \z,v) defined by 

l/( n ) 

for some isotwistor multiplet ti^ such that is well defined. The superfield 

£(- 4 ) j s required to write the action as an integral over the full AdS superspace. It is 



actually a purely gauge degree of freedom in the sense that (5.24) is independent of the 
explicit choice oiU^ n \ Indeed, varying gives 

( _ 4) _ gff _ U^A^SU^ 
~ AW n ) (A(%W) 2 ' 

In the contribution to 5S , [£^ 2 - ) ] which comes from the second term, we can integrate by 
parts, to strip 51A^ of A^\ and make use of the fact that and A^>U^ n ' are covariant 
projective multiplets. As a result, we obtain SS[C^} = 0. 

In the case of (2,1) AdS supersymmetry, there is a simple choice for C^~^: 

C<-*> = Jjj = -g^y 2 , »«:= W «. (5-26) 

5.3 Supersymmetric action: Integrating out all the fermionic 
directions 



The action (5.24) is manifestly invariant under arbitrary isometry transformations of 
the appropriate AdS superspace, AdS( 3 | 3i o) or AdS(3[2,i). The price to pay for this is two- 
fold: (i) the action involves the superfield C^ -4 ) which is a purely gauge degree of freedom; 
(ii) the action is given by an integral over six Grassmann variables while the Lagrangian 
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depends only on four of these coordinates. Both drawbacks can be eliminated, at the 
cost of losing the manifest invariance under the AdS isometry supergroup, if one integrates 
out two or all of the six fermionic directions. To achieve this, one could use the powerful 
method of normal coordinates around a submanifold of curved superspace [IS]. Here we 
are going to use an alternative technique which was first developed to derive the M = 1 
supersymmetric action in AdS$ [^9] . 

Our point of departure is the M = 3 projective superspace action in three-dimensional 
Minkowski space which was introduced in [12J. It has the form 

S[L^} = — <tvM ! d 3 x (D^) 2 (D^) 2 L^ , (5.27) 
8vr / 7 J 9=0 

where the Lagrangian L^ 2 \z, v) is a real weight-two projective multiplet, and the operators 
D { - 2) and £><?> are defined in terms of the flat spinor covariant derivatives D 1 ^ as follows 

( _ 2) _ UjUj {j (0) VjUj 

Va - (v, u y <* ' a (v, u ) a • 15 H) 

These operators depend not only on the isotwistor v l (t), which varies along the integration 
contour, but also on a constant (t-independent) isotwistor Ui chosen in such a way that 
Vi{t) and Ui are linearly independent at each point of the contour 7, that is (y (t),u) 7^ 0. 



The action (5.27) is actually independent of Ui, since it proves to be invariant under 



arbitrary projective transformations of the form 

(ui,Vi(t)) -> ( Ui , Vi (t))R(t) , R(t) = e GL(2,C) , (5.29) 

where the matrix elements a(t) and b(t) obey the first-order differential equations 

« = &M, b = -b^4, (5.30) 
(v,u) {v,u) 

with / := df(t)/dt for any function f(t). This invariance follows from the following 
properties of the Lagrangian: (i) L^{v) is a homogeneous function of v 1 of degree two; 
and (ii) L^ 2 \v) obeys the analyticity condition 

D^LW(v) = 0, DW:=v iVj DV . (5.31) 



It turns out that the property (ii) suffices to prove that the action (5.27) is invariant under 



the standard M = 3 super-Poincare transformations in three dimensions p2] • 
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We now try to generalise the above construction to the AdS case. Let z 
be local coordinates of the AdS superspace. Given a tensor superfield U(x 



M 
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its restriction to the body of the superspace, 9^ = 0, specifically 

U\\:=U(x,e)\ 6lJ=0 . 
We also define the double-bar projection of the covariant derivatives 
V A \ 



J^ ]l \\dM + l^A bC \\M bc +^A kl \\Jil 



we define 



(5.32) 



(5.33) 



Since for both the (3,0) and (2,1) AdS geometries it holds that [D a ,Vb] = —4:S 2 J\A a b, we 
can use the freedom to perform general coordinate and local structure group transforma- 
tions to choose a (Wess-Zumino) gauge in which 



V a = e a m {x)d m + -u a bc {x)M bc 



where V a stands for the covariant derivative of anti-de Sitter space AdS3, 

[V a ,V 6 ] = -AS 2 M C 



lab 



(5.34) 



(5.35) 



We are interested in constructing an AdS generalisation of the action (5.27). On 
general grounds, it should have the form 

S[C^] = S + --- , S = ^ ^ Vi dv l J d 3 xe(V^) 2 (V^) 2 C^\\ , (5.36) 



with e := det" 



Note that in (5.36) the dots stand for curvature dependent cor- 



rections which are necessary for the action to be invariant under the symmetries of its 



parent action (5.24). It is interesting to note that there is one symmetry which is shared 



by the flat action (5.27) and the parent curved full superspace action (5.24): both are 



manifestly projective invariant (5.29). On the other hand So is not projective invariant. 



As discussed in |49j H21 28], one can actually exploit projective invariance as a tool to 



iteratively find the completion of So to S'[£^ 2 ' ) ] in (5.36). In Appendix A we sketch how 
to describe this approach for the (3,0) and (2,1) AdS cases. Let us now write down the 
form of the full M = 3 AdS projective action principle in components 
1 



2)1 



8tt 



vAv 1 / d xe 



(vWyipWy + 4i(5 - 2S< >)(PHQ)2 



(5.37) 



16 In what follows, we will also introduce a single bar-projection, U\, to be the restriction of U to a 
certain Af = 2 subspace of the AT = 3 AdS superspace under consideration. 
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Here we have used the definitions 
S 



(0) VjVjUkUiS 1 ^ 1 £ ( _ 2) ViUjU k uiS ljkl 



[V,U 



(v,u) 



:= W*"'f " , (5.38) 



The actions corresponding to the (3,0) and (2,1) AdS superspaces are obtained from (5.37) 
by choosing the curvature as follows: 



(3.0) : S = S , S l3kl = , 

(2. 1) : S = \s , S ijkl = -Sw {tJ w kl) , w ij Wij = 2 . 



(5.39a) 
(5.39b) 



6 Supersymmetric action: Reduction to J\f = 2 su- 
perspace 



The representation (5.37) obtained in the previous subsection, corresponds to the 



situation when all the Grassmann integrals in the action (5.24) have been done. Here we 



take a different course and reduce the superspace integral in (5.24) to that over a certain 



Af = 2 subspace of the full Af = 3 AdS superspace under consideration. Such a procedure 
cannot be carried out in a unified way for the cases (3,0) and (2,1), and thus a separate 
consideration should be given in each case. 



6.1 AdS superspace reduction: (3,0) to (2,0) 

To identify an Af = 2 subspace of the Af = 3 AdS superspace, we need a subset of 
four spinor covariant derivatives which, together with D a , lead to a closed set of (anti) 
commutation relations. 



In the case of (3,0) AdS superspace, the covariant derivatives obey the (anti) commu- 



tation relations (4.13). A closed subalgebra can be identified with the mutually conjugate 



derivatives and — (for any bosonic superfield U, it holds that VttU = —T>~U). 



Indeed, it follows from (4.13) that 



{v^vf} = {{-vfi{-vf)} = u 



22\ 





{T?ii, (-If) } = -2W a(3 - 4i S J— + 4iS M 



a/3 



[v a ,vf]= swm, [v a ,(-vf)\ 



22, 



S (7a)/» " 



[D a ,V b 



4S 2 M ab . 



(6.1a) 
(6.1b) 
(6.1c) 
(6. Id) 



30 



For the subset (V a ,T>~, —T>~) chosen, the original i?-symmetry group SU(2) reduces to 
U(l), and the corresponding generator J— acts on the spinor derivatives as 

[J m ,V£] = T% , [J* {-Vf)\ = -{-Vf) . (6.2) 



The (anti) commutation relations (6.1) can be recognised as those corresponding to the 
(2,0) AdS superspace, AdS(3|2,o)> studied in 



Now, we can embed the superspace AdS( 3 | 2j o) into AdS^o). Given a tensor superfield 
U(x,9 v ) in AdS(3|3 ) o), we define its projection 

U\ :=£/M^)k=o ■ (6.3) 

By definition, U\ still depends on the Grassmann coordinates 9^ := 9^ and their complex 
conjugate 9^ = 9% 2 - For the (3,0) AdS covariant derivatives 

V A = E A M d M + hl A bc M bc + U> A kl Jki , (6.4) 

the projection is defined as 

V A \ = E A M \d M + hl A bc \M bc + h A kl \J M . (6.5) 

Since the operators (V a , T>^, —V^f) form a closed algebra, which is isomorphic to that 
of the covariant derivatives for AdS( 3 |2,o), one can use the freedom to perform general 
coordinate, local Lorentz and SU(2) transformations to chose a gauge in which 

2^|=D a> (-Zf)|=D a , (6.6) 

where 

D A = (D a , D a , D a ) = E A M d M + ^n A cd M cd + i <f> A J (6.7) 

denote the covariant derivatives of AdS( 3 | 2 ,o) which obey the (anti) commutation relations 
(4.5), with J = J-. In such a coordinate system^ 7 ] the operators T>~\ and T>~\ involve 
no partial derivative with respect to #12, and therefore, for any positive integer k, it holds 
that (V &1 ---V &k U)\ = V &1 \---V &k \U\, where V & := (Z>3± -Vf) and U is a tensor 
superfield. This implies that V a \ = D a . 

Our next task is to reduce the transformation laws of projective supermultiplets from 
AdS( 3 | 3i o) to its Af = 2 subspace AdS( 3 |2,o). Consider a Killing vector field of (3,0) AdS 
superspace, 

i cn, ■ . (6.8) 
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This is in fact a normal coordinate system for AdS (31 30) around the submanifold AdS( 3 | 2j o). 
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We recall that £ obeys the Killing equations (5.4) which are equivalent to (5.5a) - (5.5c). 
We introduce M = 2 projections of the transformation parameters involved 



to. I —a /-a I t • a 12 1 j. ±ab \o,b\ { n 

t := £ | , t .= sill > r = C22 1 , * := iA— I = * , t ■= A | ; (6.9a) 
p« := | = pS , £ : = A—| , e = A^| = Au| • (6.9b) 

The important point is that the parameters (r a , r a , f a , t a ^, t) describe the infinites- 
imal isometries of the (2,0) AdS superspace [13]. Such transformations are generated by 
the Killing vector fields, r = r a D a + r a D a + r a D a , obeying the Killing equation 



t + it J + l -t bc M bc , D y 



, (6.10) 



for some parameters t and t ab . This equation is equivalent to 

2i 



45r Q = D a t = ^SD%, = ifi%g , (6.11a) 

D«t^ = D( a r^ 7 ) = D( a t£ 7 ) = , (6.11b) 

D 7 r 7 = -D 7 f 7 = 2it , (6.11c) 

D( a 7/3) = -Djof/j) = -*a0 + SV a . (6.1 Id) 



These equations automatically follow from the (3,0) Killing equations, eqs. ( |5.5a ) - (5.5c) 



upon Af = 2 projection. The real parameter t\g =0 = const generates U(l)# transforma- 
tions of the (2,0) AdS superspace, where U(l)# is a subgroup of the /^-symmetry group 
SU(2) R of the (3,0) AdS superspace. 

The transformation parameters p a , e and e generate the third supersymmetry and 
those i?-symmetry transformations which parametrise the coset SU(2)jj/U(1)jj. Making 



use of (5.6), one can show that p a is determined in terms of e and e: 



p a = -^B a e = --^B a e . (6.12) 
The parameters e and e satisfy the following properties 

B a e = B a e , t) a e = , D a/3 e = , B 2 e = -8iSe . (6.13) 

These imply that the only independent components of e are e\g=o and T) a e\e=o- 

The notion of Af = 2 projection is especially useful when dealing with projective 
multiplets. Given a covariant weight— n projective multiplet Q^ n '(v), it can always be 
described in terms of a related superfield Q^(() which depends on (" and is proportional 
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to the orig inal superfield, Q W (C) oc Q {n \v). The precise definition of Q (C) depends 
upon the specific projective multiplet under consideration. Using Q^((), the analyticity 
constraint (5.11) becomes 

= C 2 ?^Q N (C) - 2O^Q W (0 + Vf QM(0 , (6.14) 

or equivalent ly 

W W (C) = ^(C^+ ^)<2 W (0 • (6.15) 

This equation shows that the dependence of Q[ n l(a;, y , Q on the Grassmann coordinates 
9i 2 is completely determined in terms of its dependence on the other Grassmann coordi- 
nates 9^ and Q^i- m other words, all information about the projective multiplet Q^(C) 
is encoded in its M = 2 projection Q' n '(C)|- 

We now list the transformation laws of several projective multiplets under the (3,0) 
AdS isometry group, OSp(3|2; R) x Sp(2,R). All multiplets will be projected to (2,0) AdS 
superspace, however will will not indicate explicitly the bar-projection. 

We recall that a weight-n projective superfield Q^ n ' transforms under the isometry 
group OSp(3|2;M) x Sp(2,R) as 

S&Mfav) = (eVa + QV™ - l -A^d^ + 5 A <°>)qM(*,«) , (6.16) 

which follows from eq. (5.9). Given an arctic weight-n multiplet T^ n \v), it can be 
conveniently represented as 

r (n \v) = (v l ) n r [n] (() . (6.17) 

Then T^(£) transforms as follows: 

*™ - { t+ <4 - i) + '^" d » + ?"» D ° +\ (? + - \ <*} tW ■ < 6 - i8) 

Given an antarctic weight-n multiplet T^ n ^(f), it is represented in the form 

f ^ n \v) = {v 2 -) n T W (C) = (*A) n C n T [n] (C) . (6.19) 
The transformation law of Y' n '(£) is 
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Given a real weight- (2n) multiplet G^ 2n \v ), G^ 2n ^ = G^ 2n \ it is represented as 

G {2n \v) = (mV) n G [2n] (C) = (t; i ) 2n (iC) n G' [2n] (C) . (6.21) 
The transformation law of G^ (Q is 

(e^G [2n] . (6.22) 



8^ 2n 



d 



T + itc ^ +i ^D 0+ i^ + i(£ + c £ -)c| + Kj 



To conclude the analysis of this subsection, we present the (3,0) supersymmetric action 



reduced to (2,0) superspace. In accordance with (6.21), associated with the Lagrangian 
CW(y) is the superfield C^(() defined by the rule C^(v) = i(^ i ) 2 C^ [2] (C) - It turns 



out that the (3,0) supersymmetric action (5.24) takes the following form in (2,0) AdS 
superspace 

ty 2vriC 



d?xd 2 9d 2 9EC^ 



E- L := Ber(E A M ) . 



(6.23) 



To prove that (6.23) is the (2,0) reduction of the (3,0) action (5.24) we check explicitly 
that it is invariant under the full isometry group of (3,0) AdS superspace, OSp(3|2;M) x 



Sp(2,R). Making use of g22j), the variation of ( [6723] ) is 

JT d( f , Q , Q „ „r ... 9 



(2)1 



d 3 xd 2 9d 2 9E 



r + it( 



+iCp Q D a + ^ a D"-^+^+(^+^)C^]/: [2] • (6.24) 



1 ,1 



<9 



The expression in the first line corresponds to the variation of £^ under an infinitesimal 
isometry transformation of (2,0) AdS superspace. Since the action is manifestly invariant 
under the (2,0) AdS isometry group, this variation vanishes. For the remaining variation, 
upon integration by parts, we obtain 

5^S[C^] = j^j d 3 xdW^((i(D a p a ) - £ j + 1 (i(D> Q ) + e))£[ 2 l =0 , (6.25) 



which is identically zero due to the identities 



(6.26) 



We conclude by noticing that the auxiliary superfield & ^ (5.24) has dropped out upon 
reduction to (2,0) AdS superspace. 
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6.2 AdS superspace reduction: (2,1) to (2,0) 



We now turn to developing M = 2 reduction schemes for the projective multiplets in 
(2,1) AdS superspace. The main difference between the (3,0) and (2,1) AdS superspaces 
is that the latter possesses the covariantly constant tensor (which can be interpreted 
as the field strength of a frozen M = 3 vector multiplet). As follows from the algebra of 



(2,1) AdS covariant derivatives, eq. (4.16), the i?-symmetry part of the holonomy group 



of this superspace is no longer SU(2)k, as in the (3,0) case; instead it is the group U(1).r 
which is associated with the generator by J = —\w % iJij. Therefore, the local SU(2)r 
group can be used to choose the SU(2) fi connection to be 



hi 



(6.27) 



In this gauge the tensor w 1 ^ becomes strictly constant, = const, and turn into an 
invariant tensor of the (2,1) AdS isometry group OSp(2|2;IR) x OSp(l|2,IR). It turns out 
that different numeric choices for correspond to the possibility to perform reduction 
either to the (2,0) AdS superspace or to the (1,1) one. In other words, the (2,1) AdS 
superspace allows two inequivalent Af = 2 reduction schemes. 

Here we focus on the AdS reduction (2, 1) — > (2, 0). If we choose 



tc- 



.n 



w- 



.22 







w- 



.12 



-Wi2 



(6.28) 



in the (2,1) algebra (4.16), then the operators V^- and (— T>^) can be seen to satisfy the 



same (anti) commutation relations as eqs. (6.1a)-(6.1c) which are equivalent to the (2,0) 



AdS algebra (4.5a)-(4.5b). Therefore, the projection from (2,1) to (2,0) AdS formally 
proceeds exactly as in the (3,0), see the analysis around the equations ( 6.3[ )-(6.5). The 



only difference is that in (6.3) and (6.4) the (2,1) connections should be as in (6.27). 
Consider the Killing vector fields, £ A = (f of the (2,1) AdS superspace. They 



obey the Killing equations, eq. (5.4), and hence 
1 



1 



-e a/J (e i V + e jl w ik )A - S(e i{k e l)l + w ij w kl )^ - -e i{k e l)j K aP , (6.29a) 



o = V iig*i + 6i £«j ) o = mt^ 1 - i2iS£w(^ ( V )j + w ij w kl ) 



= Pg&r) 



(6.29b) 
(6.29c) 



where we have used the fact that the i?-symmetry group in the AdS (2,1) case reduces to 
U(l)ij and the corresponding transformation parameter is 

1 



A lJ = w lJ A , A = -w k iA 



hi 



(6.30) 
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We now project the transformation parameters to (2,0) superspace 



a ._ t«t | a ._ ca I -a ._ c 

1 ■— ? I ) ' •— sn I > ' ■— s: 



221 5 



t := iA 



12 I 



A| = t 



iftb 



A 



06 1 
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(6.31a) 
(6.31b) 



Because of (6.28), it holds that A— = A— = 0, which is clearly different from the (3,0) 
case. As in the (3,0) case, the parameters (r a , r a , f a , t af5 , t) describe the infinitesimal 
isometries of the (2,0) AdS superspace. We recall that such transformations are generated 
by the Killing vector fields, 

r = r a D Q + T a B a + f a B a , 



obeying the equations (6.10) or, equivalently, (6.11). The real spinor parameter p a gen- 



erates the third supersymmetry transformation. Making use of eqs. (6.29a)-(6.29c) gives 

D qP/3 = T) aPf} = . (6.32) 
These conditions mean that p a is an ordinary Killing spinor, 

Ufa p a = S{e a pp 1 + e ai pp) . (6.33) 

To complete the AdS superspace reduction (2,1) — > (2,0), it remains to work out 
the transformation laws of projective multiplets under the (2,1) AdS isometry group, 
OSp(2|2;IR) x OSp(l|2,R). In (2,1) AdS superspace, a covariant weight-^ projective 
multiplet transforms as 



(n) 



(z, v) = (p> a + QV k J - V)A0(- 2 ) + \ wV>A)Q«>(z, v) , (6.34) 



in accordance with eq. (5.9). We project this transformation law to (2,0) AdS superspace. 



Given an arctic weight-ra multiplet T^ n \v), we associated with it the superfield Y^(£) 



defined by (6.17). The latter transforms as follows: 

d 



T + itU 



iCp Q D a + ^p a D Q }TW . 



(6.35) 



Given an antarctic weight-n multiplet T^ n \v), we associated with it the superfield T^(Q 



defined by (6.19). The latter transforms as follows: 



* C T W = { r + if (C^ + |) + i(p a B a + l -p a t) a }f W . 



(6.36) 
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Given a real weight-(2n) multiplet G^ 2n \v), & 2n ^ = G^ 2n \ we associate with it the super- 
field G' 2ri '(C), eq. (6.21), with the transformation law 



5( G^ = { r + it + Kp a V a + ^ Pa D a }G^ n 



(6.37) 



To conclude the subsection we note that the (2,1) AdS supersymmetric action reduced 



to (2,0) AdS superspace has exactly the same form as the (3,0) case: eq. (6.23). The 



proof that the action of the form (6.23) is invariant under the (2,1) isometries reduced to 



(2,0), up to minor differences, goes along the same line of the (3,0) case. 



6.3 AdS superspace reduction: (2,1) to (1,1) 

AdS superspace reduction (2, 1) — > (1,1) corresponds to the following choice of w !J : 



w^ = 0, w:=w u , w = w ^ = wii, H 2 = 1 . (6.38) 



Making use of this w v in the (anti) commutation relations (4.16a)-(4.16c), and also 
introducing new AdS parameters 



fj, = iSw 2 , fi = —iSw 2 



(6.39) 



we get the algebra 



{V£,(-Vf)} = -2iV a p, 
[D a , {-Vf)\ = -i/i ( 7a 



{(-*> 
[V a ,T> 



Hi 



^^i//( 7o V(-pf) , 

[V a ,V b ] = -A\fi\ 2 M ab ■ 



7 ' 



(6.40a) 
(6.40b) 
(6.40c) 



The (anti) commutation relations coincide with those corresponding to the covariant 



derivatives of (1,1) AdS superspace, eqs. (4.6a)-(4.6b). Since no U(1)r curvature is 



present in the relations (6.40a)-(6.40c), we can use the local U(1)r symmetry to choose 
a gauge in which the covariant derivatives T> ai T>^ and have no U{1)r connection. 

The AdS superspace projection (2, 1) — > (1, 1) formally proceeds exactly as in the 



(3,0), eqs. (6.3)-(6.5) with few differences: 

(i) the connection in (6.4) should be as in (6.27); 



(ii) the general coordinate invariance can be used to choose a gauge 



V 



hi 



— V 



22 I 



(6.41) 
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where 



V A = (V OJ V Q , V Q ) = £ A M d M + -£l A cd M 



cd 



(6.42) 



are the covariant derivatives for (1,1) anti-de Sitter superspace, which obey the (anti) 
commutation relations (4.6a)-(4.6b). 

Consider the Killing vector fields, £ A = of the (2, 1 ) AdS 

superspace. They 

obey the Killing equations (5.4) in which A*-? should be chosen in the form A l i = w^A 
with w l i given by eq. (6.38). We project the transformation parameters to (1,1) AdS 
superspace: 



la ca\ la ta I lot t 



a 

22 1 ? 



ab 



-'^12\=P a 



A 

: M 



A 



ab I 



(6.43a) 
(6.43b) 



The superfields (l a , l a , l a , X ab ) describe an infinitesimal isometry transformation of the 
(1,1) AdS superspace [13]. The isometries are generated by (1,1) AdS Killing vector fields, 



i = rv a + i a v a + Lv a 



which are defined to obey the equations 

1 



l + ^\ ab M ab ,V c 



which are equivalent to 



= V( Q / ( g) — ' = ^(ah) + Wa/S > V a P = V"l a = , 



= V^A a/3 - 12/2 Z a , = + 6i Z a , V (Q Z^ 7) = V (a A 



(6.44) 

(6.45) 

(6.46a) 
(6.46b) 



The (1,1) AdS Killing vector fields can be shown to generate the supergroup OSp(l|2; M) x 
OSp(l|2;R). The relations (6.46) follow by projecting the (2,1) Killing vector equations, 
(6.29a)-(6.29c), to the (1,1) AdS superspace. 

The parameters p a \e=o and e|e=o generate the third supersymmetry and U(l) trans- 
formations respectively. By using (6.29a)-(6.29c), one can derive the following equations 

1 



(6.47) 



It can be further shown that the spinor superfield p a is determined in terms of e as 



ASw 



ASw 



(6.48) 
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where e can be proven to satisfy the equations 

wV a e = wV a e , (V 2 - 4/i)e = , (V 2 - Afi)e = 
(iV°V Q - A\/J,\)e = , V^V^e = V a/3 e = . 



(6.49a) 
(6.49b) 



To complete the AdS superspace reduction (2,1) — > (2,0), it remains to work out 
the transformation laws of projective multiplets under the (2,1) AdS isometry group, 
OSp(2|2;IR) x OSp(l|2,M). In (2,1) AdS superspace, a covariant weight-n projective 



multiplet transforms as in (6.34). We project the transformation law (6.34) to the 



1,1) AdS superspace. Given an arctic weight-n multiplet T^ n '(v), we associated with it 

: follows: 



the superfield Y' n '(£) defined by (6.17). The latter transforms as follows 

n 



i 1 / . w\ , d 



I + i(p a V a + - Pa V a + -e(w( + - JC- } 



(6.50) 



Given an antarctic weight-n multiplet Y( n )(t>), we associated with it the superfield T^(£) 



defined by (6.19|). The latter transforms as follows: 
5fi [n] -- 



in \ B 

I + i(p a V a + -n a V a + =-e[ w( + - V— + 'is 



i 

C' 



n w 



(6.51) 



Given a real weight-(2n) multiplet G^ 2n ^{v ), & 2n ^ = G^ 2n \ we associate with it the super- 
field G' 2ri '(C), eq. (6.21), with the transformation law 

kG [2n] = {l + K P a V a + L a V<* + \e(wC + f )C| + - <) }d™ ■ (6.52) 



Now let us show that the (1,1) AdS supersymmetric action in (1,1) AdS superspace 
takes the form 



£- 1 : = Ber(£ 



(6.53) 



where (x, 0^,9^ are the local coordinates on (1,1) AdS superspace, and £a is the viel- 



bein, eq. (6.42). The Lagrangian £' 2 l is defined as usual, CS 2 \v) = i(v l ) 2 (C^((). We 
have to demonstrate that the action is invariant under the (2,1) AdS isometry group 



OSp(2|2;IR) x OSp(l|2,R). By using the transformation law (6.52) for n — 1, the varia- 

dC 



tion of (6.53) is 



2vriC 



d a xd 2 0d 2 0£ 



I 



+Kp a V a + - Pa V 



w . w 1 / w\ . d 
2 C£+ 2C £+ 2(^ + cH^ 



C [2] . (6.54) 
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The variation in the first line does not contribute to (^S^Z^ 2 '], since the action is manifestly 
(1,1) AdS supersymmetric. Integrating by parts in the second line gives 

5^S[C^} = j^j d 3 xdWfl£ ((i(V a p Q ) -we) + ^ (i(V Q p a ) + we^C® = , (6.55) 



which is identically zero due to (6.47). 



7 M = 3 supersymmetric sigma models in AdS 

We are now prepared to apply the formalism developed above to construct general 
(3,0) and (2,1) supersymmetric nonlinear cr-models in AdS3. 

7.1 Sigma models with (3,0) AdS supersymmetry 

By analogy with the rigid supersymmetric case, it is natural to expect that a gen- 
eral nonlinear a-model with (3,0) AdS supersymmetry can be realised in terms of co- 
variant weight-one arctic multiplets T^ J (v) and their smile-conjugates T^^(v), with 
I — 1, . . . , n. What can be said about the Lagrangian of such a theory? The specific 
feature of the (3,0) AdS superspace is that there are no background projective multiplets 
which are invariant under the isometry supergroup OSp(3|2; M) x Sp(2, IR). 18 In order for 
to be a covariant weight-two projective multiplet, it cannot depend explicitly on v % . 
It must be a function of the dynamical superfields only, 

£( 2 ) = iK(T«,T«) , (7.1) 

where K(Q , $ J ) is a homogeneous function of its arguments of degree one, 

( $/ ^ + $) = 2ir($ ' $) • (7 ' 2) 

In order for to be real with respect to the smile-conjugation 

" : T (1) -> f (1) , f (1) -> -T (1) , 
it suffices to subject K(Q, <3>) to additional conditions [401 E] 

Q _ 

$ J ^ji^($,$) = K = K. (7.3) 

18 The situation is completely different in the (2,1) AdS case where the background 0(2) multiplet 



w ( 2 ) ~ ViVjW^ 



is invariant under the isometry group OSp(2|2;R) x OSp(l|2; 
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This condition means that K(Q, $) can be interpreted as the Kahler potential of a Kahler 
cone, see e.g. [50]. By definition, this is a Kahler manifold (A4, gjj) possessing a homo- 
thetic conformal Killing vector x 

j d j d d 
X = X d¥ + X d¥ = X ^d^ ' ^'^ 

with the property 

V,x M = 5/ VjX J = */, Vjx 7 = djx 1 = . (7.5) 

In particular, x is holomorphic. Its properties include: 

QUX'X^K, Xi--=9i.JX J = diK X I K I = K, (7.6) 

with the Kahler potential. Local complex coordinates for A4 can always be chosen 
such that 

y = $ / — + $ J — - (7 7) 



which correspond to our specific case, eq. (7.3). 



In 3D Af = 3 flat projective superspace, any nonlinear a-model with Lagrangian 



specified by eqs. (7.1) and (7.3) is Af = 3 superconformal [12] (which is a generalisation 
of the earlier results in the 4D Af = 2 case [101 SI])- The target spaces of these cx-models 
are hyperKahler cones, see e.g. [SOI EI] an d references therein. Since (3,0) AdS superspace 
is conformally related to M = 3 Minkowski superspace, we conclude that general nonlinear 
cx-models in (3,0) AdS superspace are Af — 3 superconformal. 



Consider the cx-model 



where 



S = £ I d 3 xd 2 9d 2 9E£® , (7.8) 
J-y 2vriC J 



£[2] := I^TW^fW) (7.9) 



At the moment we assume only the homogeneity condition (7.2). The transformation law 
of £^ must be 

^ [2] = {r + itC^ + Kp a B a + l -p a V« + \(Ce + ^e)c^ - \ce+ ^e]c^ . (7.10) 
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This should be induced by the variations of XM and IfW in (7.9), which are 



W m = {r + it(c^ - I) + iCp Q D a + l -pJ>« + \{Ce+ ^)c^ - \ C^T® , (7.11a) 



d_ 



f [1] . (7.11b) 



It is a short calculation to show that £^ given by eq. (7.9) transforms as in (7.10) if eq. 
(7.2) holds. On the other hand, the Lagrangian (7.9) is real under the smile conjugation 
provided the stronger conditions (7.3) hold. 



7.2 Sigma models with (2,1) AdS supersymmetry 



Unlike the (3,0) AdS superspace studied above, the (2,1) AdS superspace possesses a 
nontrivial covariantly constant tensor - the 0(2) multiplet = ViVjiv^ , with the 
parameter of the (2,1) AdS algebra ( 4.16a[ )-( |4.16c ). This invariant tensor can be used to 



construct supersymmetric theories generated by Lagrangians of the form 19 

£(2) 



W 



(2)£(0) 



(7.12) 



for some covariant real weight-zero projective multiplet & Q \ 

In (2,1) AdS superspace, general nonlinear a- models can be described in terms of 
covariant weight-zero arctic multiplets T / (f) and their smile-conjugates T^(f) using the 
Lagrangian 



£(2) 



W 



(2) 



iT(T 7 ,f- 



(7.13) 



where K(^> ! , <3> J ) is the Kahler potential of a real analytic Kahler manifold X. The 
interpretation of K as a Kahler potential is consistent, since the action generated by 



(7.13) turns out to be invariant under Kahler transformations of the form 



K(Y, T) K(T, T) + A(T) + A(T) 



(7.14) 



with A($ 7 ) a holomorphic function. The target space Ai of this cr-model proves to be an 
open domain of the zero section of the cotangent bundle of X, M. C T*X. This can be 
shown by generalizing the flat-superspace considerations of [36, 52J. 



In general, i^($,$) in (7.13) is an arbitrary real analytic function of n complex vari- 



ables. In the case that K(§, $) obeys the homogeneity condition (7.3), the Lagrangian 
19 Similar models exist in 5D Af = 1 AdS [H] and 4D N = 2 AdS 
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(7.13) proves to define an M = 3 superconformal cx-model. Such a theory can be re- 
formulated entirely in terms of covariant weight-one arctic multiplets, T^ 1 - )7 (f), and their 
smile-conjugates in complete analogy with the four- dimensional M = 2 supersymmetric 
cr-models in AdS [22] • This requires to make use of an intrinsic hypermultiplet, q l , associ- 
ated with the (2,1) AdS superspace. This hypermultiplet is defined in complete analogy 
with the 4D consideration given in section 2.2 of [22J. 

It has been shown in the previous section that the (2,1) AdS superspace allows two 
types of M = 2 reduction, depending on the choice of w l i made. Any field theory in 
AdS(3| 2 ,i) can be reformulated as a dynamical system in AdS( 3 | 2) o) or in AdS(3|i ) i). Upon 



reduction to the (2,0) AdS superspace, the supersymmetric cx-model (7.13) proves to be 
described by the action 

S = f d 3 xd 2 6d 2 6EK(T,f) , (7.15) 



., 7 27riC 

where the dynamical variables T / and their smile-conjugates Y 7 have the form 

oo oo 

T 7 (C) = E ^ = $/ + & + ■ ■ ■ ' fJ (0 = E (-0 _n % • (7-16) 

n=0 n=0 

Here $ 7 := Tq and S 7 := T{ are covariantly chiral and complex linear superfields, respec- 
tively, 

D a $ J = , D 2 S 7 = , (7.17) 

while the other components Tg, T|, . . . , are unconstrained complex M = 2 superfields. 
It is known that (2,0) AdS supersymmetry allows only /^-invariant a-model couplings 



As concerns the (2,1) supersymmetric a-model (7.15), it possesses the following U(l) 
symmetry: 

T(C) ^ T(e iQ C) , a e R , (7.18) 



compare with [53]. This symmetry is a special case of the transformation law (6.35) 
obtained by setting t — a = const and switching off the other parameters. 



Upon reduction to the (1,1) AdS superspace, the supersymmetric cx-model (7.13) is 
described by the action 

S = -((^- [ d 3 xd 2 9d 2 9£w®K(r,f) , w ® = -i(^ + w A . (7.19) 
2 J-y 27riC J V C / 
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The dynamical variables T 7 (£) and T J (£) have the functional form (7.16) where $ 7 and 
H 1 obey the constraints 

V a $ 7 = , (V 2 - 4 / u)S / = , (7.20) 
and the other components T%, Tg, . . . , are unconstrained complex Af = 2 superfields. 



8 Conclusion 

In conclusion, we briefly summarise our main results and list some open problems. 
In this paper we introduced the three-dimensional (p, q) AdS superspaces, studied their 
geometric properties and proved their conformal flatness when X IJKL = 0. Building on 
the results of [6], we then developed the fully-hedged projective-superspace formalism to 
construct off-shell = 3 rigid supersymmetric field theories in AdS3. There are two types 
of such theories, with (3,0) and (2,1) AdS supersymmetry respectively. We are especially 
interested in theories possessing (p, q) AdS supersymmetry with Af = p + q < 4 because 
nonlinear a- models exist only in these cases. We recall that the cr-models with Af = p+q = 
2 were studied earlier in [HI [151 H3] • The explicit construction of (p, q) supersymmetric 
cr-models with p + q = 3 was the subject of the present work. An open interesting problem 
is to extend our analysis given in this paper to the cases Af = p+q = 4. Conceptually, this 
should be similar to the Af = 3 case studied above, however some nontrivial new aspects 
will emerge. In particular, of special interest are those (4,0) supersymmetric cr-models 



which correspond to the extremal case (4.21). 



In this paper we constructed the general (3,0) and (2,1) supersymmetric cr-models 
described by off-shell polar hypermultiplets defined on the (3,0) and (2,1) AdS superspaces 
respectively. We then reduced these cr-models to certain Af = 2 AdS superspaces. An 
interesting open problem is to reformulate the cr-models obtained in terms of Af = 2 chiral 
superfields in AdS3. (The importance of such a formulation is that it should provide a 
direct access to the hyperkahler geometry of the target space [Ml EH E0]-) This can be 
achieved by generalising the approaches developed in [551 EH1 E2] . 

As shown in this paper, the Af = 3 AdS supersymmetry imposes nontrivial restric- 
tions on the cr-model hyperkahler target spaces. The most unexpected outcome is that 
(3,0) AdS supersymmetry requires the cr-model target spaces to be hyperkahler cones. 
Nevertheless, this result has a natural geometric origin. The main difference between the 
two types of Af = 3 supersymmetric cr-models in AdS3 is encoded in the corresponding 
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.R-symmetry groups: S0(3) in the (3,0) case and SO(2) in the (2,1) case. It can be shown 
that any one-dimensional subgroup H = SO (2) of the .R-symmetry group acts faithfully 
by rotations on the two-sphere of complex structures of the hyperkahler target space 
(Ai, g, 3a) P*| Here g^ v is the hyperkahler metric, and (JaYv is the complex structures 
of M, J a = (Ji, 1/2,1/3), obeying the quaternionic algebra JaJb = Sab^ + eabcJc- 
Suppose that J3 is invariant under the action of the subgroup H, and let V* be the Killing 
vector associated with H . Without loss of generality, we have 

C v Ji = -J2 , C V J 2 = +Ji , C V J 3 = . (8.1) 

The Killing vector is holomorphic with respect to J~3, and we can introduce the 
corresponding Killing potential K defined by 

V = l -{JzYvV u lC . (8.2) 

As shown in [22], K, is a globally defined function over Ai, and is the Kahler potential 
with respect to J\ and J2 and indeed any complex structure J7j_ which is perpendicular 
to J7~3. In other words, 

9w = ^V M V,/C + ^(i/±)/(i/±), CT V p V (T /C . (8.3) 

It follows that the Kahler forms associated with J\ and J2 are exact, and thus Ai is 
non-compact [THJ, [201 122] • As shown in [22], the Kahler potential K with respect to J A 
can be chosen such that 

{JzY v V v K ll = -K. (8.4) 

So far, we have taken into account only the fact that the .R-symmetry group contain a 
subgroup SO(2). In the case that the .R-symmetry group coincides with SO(3), the above 
consideration implies that K = /C, and hence 

V M /CV M /C = 2/C . (8.5) 

We further deduce that x M — ^^^V^/C is a homothetic conformal Killing vector, 

V.x" = % , (8.6) 

and therefore Ai is a hyperkahler cone [50l El]. In regard to the above discussion, we 
should also mention an interesting work [58J in which it was shown that a sufficient 



3 The existence of such hyperkahler spaces was pointed out twenty five years ago in [5 7) . 
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condition for a 4D Af = 2 er-model in projective superspace to be superconformal is that 
its i?-symmetry is SO (3). 

The supergravity techniques of [6] can straightforwardly be applied to construct off- 
shell cr-models in the deformed M = 4 Minkowski superspace described by covariant 
derivatives obeying the (anti) commutation relations 

{Pf , V j ~ j } = 2i£ ij e Tj V a p + 2\£ a p£ T3 'XV j - 2ie afi £ ij XR Tj , (8.7a) 
[V a ,vf]=0, [V a ,V b ] = (8.7b) 



which follow from (4.20) by setting S = 0. An interesting open problem is to understand 
the target space geometry of such M = 4 supersymmetric nonlinear cr-models. 
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A Derivation of (5.37) 



Here we sketch the derivation of the action (5.37) by requiring its invariance under 



the projective transformations (5.29). The derivation is actually similar to those given 



in [4*91 |4*8| H2], and the interested reader is referred to those papers for more technical 
details. 



The strategy is to start from the zero-order term Sq in (5.36), vary it under the 



infinitesimal transformation (5.29) and add iteratively extra terms to the action, which 



cancel the variation order by order, such that the final action is invariant. Instead of 
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working with the general infinitesimal transformation (5.29), it suffices to deal with the b 
variation 

5ui = bvi , (A. 8) 

since the a and c variations do not contribute if degrees of homogeneity in v and u are 
chosen properly. The transformation (A.8) induces the following variations: 

2b 



5V^ 
4b 



(v,u) 



[V,U) 



a ' a 



a > 



3b 



26 



.5(2) 



(A.9a) 
(A.9b) 



where := (viVjVkUiS l:jkl ) / (v , u) . Let us compute the variation of So defined by (5.36). 
Making use of (A. 9a)— ( A. 9b) and the analyticity condition T$ CS 2 ^ = gives 

1 f f , ; b 



ss 



57T 



d ie (c f,df 



(pM))y)«p;)} £(2)|| . 



(A.10) 



The integrand can be considerably simplified. Using the algebra of covariant derivatives, 
(5.1a)— ( 5.1b[ ), it is not difficult to derive the following relation 

p(o)(p(o)) 2 £(2) = (^v a ^ + i(2S^ - S)V^ +iS^V^)c^ , (A.ll) 



which has to be plugged in eq. (A. 10). Next, we evaluate the anti-commutators in (A. 10) 
and iteratively move all the Lorentz and SU(2) generators to the right. Once they hit 



£( 2 ) we use the identities MaaC^ 



iJ ij £W = and v iUj J ij C^ 



i,u)£W. To 



compute the contributions coming from UiUjJ^C^ one has to use the following formula 



Vidv 1 



v,u) 



bT {3) u iUj J ij C {2) 



Vjdv 1 



(A.12) 



This can be obtained using the results of |l2j HH] , and it holds for any operator which 
is a function of v and u and homogeneous in v of degree three : T (3) (» = c 3 T {3 \v). The 
next step is to simplify the expression (A. 10) obtained by moving the vector derivative 
T> a p coming from (A.ll) to the left, which gives a total derivative to be ignored. The 
final result is 



SSn 



in 



d x e (b Vjdv 



(v,u) 



mS^iV^ f - 4i(«S^ + AS)V^ a V^ 

+ 40i5(- 2 H^ (0) ) 2 + 965( 2 ) l S(- 4 )l£( 2 )|| . (A.13) 
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To cancel this variation, we consider an additional functional of the form 
5 extra = J^xej ^ [i( ai S<°> + a 2 S){V^f + a 3 iS^V^V^ + a^iV^ f 

+ a 5 S^S^ + asS^S® + a 7 S^s]c^\\ . (A.14) 
By using the procedure described for the computation of SSo, we derive 

SS extia = ±- f d 3 xe i vMj^-Mia^iV^f + 2i(a 3 + 2a 4 )S^(V^) 2 
8tt J J 1 [v, u) L 

+i((4 0l + 3a s )S<°> + Aa 2 s)v^ a V^ + ( - 12a 4 + 2a 6 )S^S^ 

+ 5 ( " 2) ((-24ai + 6a 5 + 4a 6 ) l S (0) + (16ai - 1602 + 407)5) C {2) \\ . (A.15) 

Imposing the condition 5So + 8S extTa , = fixes the coefficients 

Ql = -8 , a 2 = 4 , a 3 = 12 , a 4 = -16 , a 5 = -144 , a 6 = 64 , a 7 = 48 . (A. 16) 



These results give the desired action (5.37). 
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